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The Heisenberg uncertainty principle and Pauli exclusion principle are known to play a
relevant role for a great diversity of quantum phenomena, ranging from the determination
of quantum states till the stability of matter. However, although it is known that the Pauli
principle qualitatively modifies the uncertainty relations, no explicit connection between
these two fundamental pillars of quantum physics has yet been published in literature to
the best of our knowledge. In this paper we analyze the effect of the Pauli principle in two
mathematical formulations of the uncertainty principle: a generalised Heisenberg uncertainty
relation valid for general fermion systems, and the Fisher-information-based uncertainty
relation valid for fermion systems subject to central potentials. The accuracy of the Pauli-
modified uncertainty relations is examined for all ground-state atoms from Hydrogen to
Lawrencium in a numerically self-consistent method.
PACS numbers: 03.65.Ta, 89.70.Cf, 06.30.Bp
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I. INTRODUCTION
The uncertainty principle and the Pauli principle are two fundamental pillars of quantum physics
which have relevant consequences for the determination of quantum states of matter systems.
Indeed, the former one prevents us to measure with arbitrary accuracy all the physical quantities
which are classically within our reach, and the second one states that two identical fermions cannot
occupy the same quantum state simultaneously. But perhaps the most distinguished issue of these
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2two principles is the stability of matter [1]: atomic electrons operate as small radiating classical
antennas that should fall on the nucleus at the time of a few billionths of a second, causing unstable
atoms. The uncertainty principle comes to your rescue, enabling, together with the exclusion
principle, the existence of electronic shells and subshells, and thus the periodic table and all the
wealth of structural chemistry.
In fact, it is more than that. When we talk about the stability of microscopic systems (e.g., the
stability of hydrogen), we simply mean that the total energy of the system cannot be arbitrarily
negative. If the system would not have such lower bound to the energy, it would be posible to
extract an infinite amount of energy, at least in principle. This stability of the first kind admits a
generalization to the macroscopic systems, referred as stability of second kind. In this second type
of stability, the lowest posible energy of the macroscopic systems depends at most linearly on the
number of particles; or, in other terms, the lowest posible energy per particle cannot be arbitrarily
negative as the number of particle increases. These two stability problems have a crucial relevance
to understand the world around us. Both of them rely on the fermionic property of electrons; more
specifically, they rely on the uncertainty principle and the Pauli principle.
The influence of the Pauli principle on the mathematical formulations of the uncertainty principle
(i.e., the uncertainty relations) has been previously perceived (see e.g., [2]) but it has never been
explicitly described, to the best of our knowledge. In this paper we tackle this issue. To be
more specific, in our work we explore the effects of the Pauli exclusion principle on two concrete
uncertainty relations of d-dimensional systems: a generalised Heisenberg relation valid for general
finite fermion systems, and the Fisher-information-based uncertainty relation of systems moving
in a central potential. In other words, we investigate the combined balance of the effects of spatial
and spin dimensionalities on these two fundamental uncertainty relations. We do this way because
of the relevant role that space dimensionality plays in the analysis of the structure and dynamics
of natural systems and phenomena, from atomic and molecular physics (see e.g., [3, 4]), quantum
optics [5] to condensed matter (see e.g., [6–8]) and quantum information and computation (see
e.g.,[9, 10]).
The structure of the present work is the following. In section II we first show the explicit dependence
of a generalised Heisenberg uncertainty relation on the spin degree of freedom. As a particular case,
the spin effects on the standard Heisenberg relation are given and the accuracy of the corresponding
lower boun is examined for all atoms of the periodic table from Hydrogen to Lawrencium. In Section
III, a similar study is carried out for the Fisher-information-based uncertainty relation in quantum
systems with a central potential. Finally, some conclusions and open problems are given. Atomic
3units will be used throughout all the paper.
II. GENERALIZED HEISENBERG UNCERTAINTY RELATIONS: PAULI EFFECTS
Let us consider a d-dimensional system of N independent fermions of spin s moving in an
arbitrary potential. Let us denote by ρ(~r) the position probability density of the system, whose
moment around the origin or radial expectation value of order α is given by
〈rα〉 =
∫
Rd
ρ(~r) rα ddr, α ≥ 0,
and 〈p2〉 denote the corresponding radial momentum expectation value of second order. In this
section we find a lower bound to the uncertainty product 〈rα〉 2α 〈p2〉, α > 0, which only depends
on d, N and α. Then, for α = 2 we obtain the standard Heisenberg uncertainty relation with the
spin-dependent effects. Finally, we numerically analyze the accuracy of this relation for all atoms
with nuclear charge Z = 1 through 103.
First we show the main result: the generalised uncertainty relation of the form
〈rα〉 2α 〈p2〉 ≥ A(α, d)(2s+ 1)− 2dN 2d+ 2α+1, (1)
with the constant
A(α, d) = K(d) · F (α, d) · C−
2
d
d , (2)
where
K(d) =
4pid
d+ 2
[
Γ
(
d
2
+ 1
)]2/d
, (3)
F (α, d) =
2
2
d
+ 2
αα1+
4
d (1 + 2d)
1+ 2
d
pi
[
α(1 + 2d) + 2
]1+ 2
d
+ 2
α
·
[
Γ( dα +
d
2 + 2)
d(d+ 2)Γ( dα)
]2/d
, (4)
and 1 ≤ Cd ≤ 2 for d ≥ 1. There is a longstanding conjecture Cd = 1 due to Lieb and Thirring,
which is now current belief; this is assumed heretoforth.
We will prove this result in two steps. First we use an inequality of Lieb-Thirring type [1] to bound
the kinetic energy of the system in terms of the entropic moments
Wa[ρ] =
∫
Rd
ρ(~r)a ddr, a ≥ 1,
4and then, we bound these quantities in terms of the position moments 〈rα〉 of arbitrary order α.
Indeed, the Lieb-Thirring inequality appropriately modified [11] tells us that
〈p2〉 ≥ K(d)(q Cd)−
2
dW1+ 2
d
[ρ] , with q = 2s+ 1 (5)
On the other hand, we can variationally bound the entropic moments Wa[ρ] with the given con-
straints 〈r0〉 = 1 and 〈rα〉, α > 0. Following the lines of the method of Lagrange’s multipliers
described in Refs. [12, 13], we obtain the lower bound
Wa[ρ] ≥ F (α, a, d) N
1+ 2
d
+ 2
α
〈rα〉 dα (a−1)
, (6)
with
F (α, a, d) =
aaα2a−1[
ΩdB
(
ad−d
α(a−1) ,
2a−1
a−1
)]a−1 ×{ (ad− d)ad−d[a(α+ d)− d)]a(α+d)−d
} 1
α
(7)
and ΩD =
2piD/2
Γ(D/2) . The symbols Γ(x) and B(x, y) = Γ(x)Γ(y)/Γ(x + y) denote the well-known
gamma and beta functions, respectively.
Now, putting a = 1 + 2d into expressions (6)-(7) and multiplying the subsequent expression by the
inequality (5) one finally obtains the wanted generalised uncertainty relation (1).
For the particular case α = 2, the generalized uncertainty relation (1) gives the spin-dependent
Heisenberg relation for d-dimensional N -fermion systems
〈r2〉〈p2〉 ≥ A(2, d)(2s+ 1)− 2dN 2d+2 (8)
with
A(2, d) =
{
d
d+ 1
[Γ(d+ 1)]1/d
}2
. (9)
Let us note that the lower bound on the position-momentum Heisenberg product increases when
both the spatial and spin dimensionalities are increasing, so that the uncertainty relation gets
improved. Note that for large values of the spatial dimensionality d, the bound (8) behaves as
d2/e2N2 = 0.13533 d2N2. Since the general spinless d-dimensional bound is d2/4N2 = 0.25 d2N2,
it is interesting to highlight that there is a delicate balance between the spatial and spin dimen-
sionality effects so that it turns out that the lower bound (8) is better or worse than the spinless
bound when d is small or large, respectively. This is because of the relative values of d, s, and N
in (8).
5Moreover, for d = 3 one trivially obtains the spin-dependent Heisenberg uncertainty relation for
all real N -fermion systems
〈r2〉〈p2〉 ≥
(
3
4
61/3
)2
(2s+ 1)−2/3N8/3 (10)
where the equality is reached for the harmonic oscillator, as previously known [2].
FIG. 1: Numerical study of the Heisenberg uncertainty relation for all neutral atoms with N = 1
to 103.
To have an idea of the accuracy of the Heisenberg relation (10), we study the uncertainty product
〈r2〉〈p2〉/N8/3 for all neutral atoms of the periodic table from Hydrogen (N = 1) to Lawrencium
(N = 103) in a numerical Hartree-Fock framework. The results are shown in Fig. 1, where the
lower bound is
(
3
46
1/3
)2
2−2/3 = 1.17005 since the electron spin s = 1/2. Therein we can clearly
observe two important phenomena: (i) the atomic shell structure is grasped by the Heisenberg
uncertainty relation, and (ii) the accuracy of the inequality globally decreases when the nuclear
charge of the atoms is increasing.
III. FISHER-INFORMATION-BASED UNCERTAINTY RELATION: PAULI EFFECTS
The Fisher information of a d-dimensional system of N fermions characterized by the quantum-
mechanical probability densities ρ(~r) and γ(~p) in position and momentum spaces are defined [14, 15]
by
I[ρ] :=
∫ |~∇ρ(~r)|2
ρ(~r)
ddr and I[γ] :=
∫ |~∇γ(~p)|2
γ(~p)
ddp.
6It has been proved that the product of these information-theoretical quantities is known to have
an uncertainty character [16–18]. In fact, for the systems subject to central potentials of arbitrary
type one knows that the Fisher-information-based uncertainty product is bounded from below by
the standard Heisenberg uncertainty product [18] as
I[ρ]× I[γ] ≥ 16
(
1− 2|m|
2l + d− 2
)2
〈r2〉〈p2〉,
where l = 0, 1, 2, ... and m are two hyperquantum numbers. We should keep in mind that the
angular part of the wavefunctions of a particle in a d-dimensional central potential is characterized
by d− 1 hyperangular quantum numbers l ≡ µ1 ≥ µ2 ≥ · · · ≥ µd−1 = |m| ≥ 0.
Then, taking into account this inequality together with the expressions (8)-(9) one finds the fol-
lowing spin-modified Fisher-information-based uncertainty relation
I[ρ]× I[γ] ≥ C(l,m, d)(2s+ 1)− 2dN 2d+2, (11)
with the constant
C(l,m, d) = 16
[
1− 2|m|
2l + d− 2
]2
×
{
d
d+ 1
[Γ(d+ 1)]
1
d
}2
. (12)
This uncertainty relation holds for all d-dimensional N -fermion systems subject to a central po-
tential of arbitrary type. It is interesting to note that for the values l ≡ µ1 = . . . = m = 0, one
has
I[ρ]× I[γ] ≥
{
4d
d+ 1
[Γ(d+ 1)]
1
d
}2
(2s+ 1)−
2
dN
2
d
+2, (13)
which is the Pauli-modified expression of the general spinless Fisher-information-based uncertainty
relation I[ρ] × I[γ] ≥ 4d2N2 recently found [19]. Note that for large values of the spatial dimen-
sionality d, the bound (13) behaves as 16e−2d2N2 = 2.16536 d2N2. Again here, it is manifest the
delicate balance between the spatial and spin dimensionality effects which makes the lower bound
(13) to be better or worse than the spinless bound when d is small or large, respectively. On the
other hand, we observe as in the Heisenberg-like case discussed in the previous section, that the
lower bound on the position-momentum Fisher-based product increases when the spatial dimen-
sionality is increasing; and it decreases when the spin dimensionality is increasing, so that the Pauli
effects worse the uncertainty relation, especially when the spatial dimensionality decreases. The
global improvement of the Pauli-modified bound actually comes from the extra (2/d)-power which
N has with respect to the spinless bound.
Then, for d = 3 we obtain the uncertainty relation
I[ρ]× I[γ] ≥ 9× 62/3 (2s+ 1)− 23N 83
7FIG. 2: Numerical study of the Fisher-information-based uncertainty relation for all neutral
atoms with N = 1 to 103.
for real N -fermion systems. So, for electronic systems (s = 12), one has
I[ρ]× I[γ] ≥ 3 83N 83
The accuracy of this relation is numerically examined in Fig. 2 for all neutral atoms of the periodic
table from Hydrogen (N = 1) through Lawrencium (N = 103) in a Hartree-Fock framework. The
lower bound is log 38/3 = 1.272 . . .. Here again we first observe that the known atomic shell
structure is grasped by the Fisher-information-based uncertainty product. Moreover, contrary to
the Heisenberg uncertainty product, this Fisher-like product globally decreases, and so its accuracy
globally increases, when the nuclear charge of the atom is increasing. The different behavior of
the Fisher uncertainty relation with respect to the Heisenberg one is due to the local character of
the position and momentum Fisher informations; indeed, they are functionals of the gradient of
position and momentum densities of the system, respectively.
IV. CONCLUSIONS AND OPEN PROBLEMS
The Pauli-principle effects on two uncertainty relations (the generalised Heisenberg relations
and the Fisher-information-based relation) have been investigated together with the spatial
dimensionality contribution. Summarizing, we have explicitly found the effects of the combined
contribution of the spatial and spin degrees of freedom on two mathematical formulations of the
quantum-mechanical uncertainty principle. First, for a system with a fixed number N of fermions
8we have observed in Heisenberg-like and Fisher cases that the lower bound increases when both
spatial and spin dimensionalities are increasing; thus the uncertainty relation becomes more
accurate, so better. Second, when N is increasing, the lower bound on the Heisenberg-like and
Fisher-like uncertainty products globally increases and decreases, respectively; so that the corre-
sponding uncertainty relations worse and better, respectively. The main reason for this opposite
behavior is that the positIon-and-momentum-uncertainty measures of the two uncertainty rela-
tions have a global character in the Heisenberg-like case and a local character in the Fisher-like case.
The Pauli effects on the uncertainty relations based on the Shannon, Re´nyi or the Tsallis
entropies remain unknown. To determine them it is necessary to design a modus operandi different
to the one used in this work. Indeed, here we have expressed the Heisenberg-like and Fisher-like
uncertainty products in terms of the standard Heisenberg product 〈r2〉〈p2〉, and then we have
obtained a lower bound on it. In the Shannon and Re´nyi cases it is not yet possible to express the
corresponding position and momentum sums [20–22] in terms of the standard Heisenberg product,
and a similar situation occurs for the position and momentum quotients in the Tsallis or Rajagopal-
Maassen-Uffink case [23, 24].
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